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Abstract 

Given n polynomials in n variables of respective degrees d%, . . . ,d n , and a set of 
monomials of cardinality d\ . . . d n , we give an explicit subresultant-based polynomial 
expression in the coefficients of the input polynomials whose non-vanishing is a 
necessary and sufficient condition for this set of monomials to be a basis of the ring of 
polynomials in n variables modulo the ideal generated by the system of polynomials. 
This approach allows us to clarify the algorithms for the Bezout construction of the 
resultant. 

Key words: Multivariate resultants, multivariate subresultants, determinant of 
complexes, monomial bases. 



1 Introduction 



Consider a system of n polynomials in n variables with coefficients in a field 
K, fi(x\, . . . , x n ), . . . , f n (xi, . . . , x n ), with respective degrees d\, . . . , d n . Gener- 

ically, this system has d := di.d 2 d n roots in the algebrai c closure of K . 

This is the very well- known Bezout formula which appeared in Bezout ( 1779j ) 



sec 



Cox et al. ( 1996| ) for a modern treatment of this). 



One can say something more about what "generic" means above: let V(f±, 
IK be the set of common zeros of the polynomials fx, . . . , f n , and set 



di 

fi '■ = fij j 

3=0 



% = h 
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where is the homogeneous component of fa of degree j. Then, it turns out 
that V(fi, . . . , f n ) is a finite set and its cardinality (counting multiplicities) is 
d if and only if the system of homogeneous equations 



hdi — 0, /; 



2d 2 



0. 







has no solution in projective space P" - " 1 — see (Cox et al. , 19981 Ch. 3, Thm. 
5.5) for a proof of this result and also ( Cox et al. , 1998L Ch. 4, Definition 2.1) 
for the definition of multiplicity of a zero of a polynomial system. 

From a more algebraic point of view, if we set / := (fx, ... , f n ) for the ideal 
generated by the /j's in K[x±, . . . ,x n ], the fact that V(I) C IK has d points 
counted with multiplicity means that the K-algebra A := K[xi, . . . , x n ]/I is a 
K-vector space of dimension d. As A is generated by the set of (the images in 



A of) all monomials in 
for A (finite or not). 



one can always find a basis of monomials 



In this paper, we will focus our attention on the following problem: given a 
set M of d monomials, how can we decide if they are a basis of A or not? 

We could use Grobner bases for solving this problem, but we would like our 
answer to be a function on the input set M only, and not depending on an extra 
monomial ordering and other intermediate steps that are needed in Grobner 
bases algorithms. 

One of the main results of this paper is a polynomial expression in the co- 
efficients of f\, . . . , f n which vanishes if and only if the set M fails to be a 
basis of A. The expression we get can be described in terms of resultants and 
subresultants of homogeneous polynomials obtained from the input system, 
whi ch is the algebraic counterpart of this problem in the homogeneous case 
(see 



Cox et all il99i IChardinl . Il99i ISzantol . l2002|l . 



The problem of deciding whether a given set of monomials M is a basis of 
A or not is important in elimination theory due to the fact that algorithms 
for computing resultants, Bezout identities, reduction modulo an ideal and 
explicit versions of the Shape Lemma can be reduced to linear algebra compu- 
tations in the quotient ring, avoiding the use of Grobner bases, if one succeeds 
in finding such a basis M. 



Bezoutl (ll 779ft was the first to work following this approach, which was ex- 
tended bv iMacaulavl (|l902ft . who answered this question in the case M = 
{xi 1 . . .x^ n , < on, < di — 1} by means of a polynomial exp ression in the 
coefficients of the input polynomials (see also Macaulav . 1916ft . Our results, 
when applied to Macaulay's case, recover his original formulation. 



In this direction, some results were obtained by Ch ardin (jl994bft . provided 
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that all the /,'s are generic and homogeneous. If the input system is generic 
and sparse, a gen eralization of the case w e ar e dealing with here, par t ial res ults 
were obtained by Emiris fc Regel ( 1994 ) and lPedersen fc Sturmfelsl ( 1996f ) for 
M's constructed by means of regular triangulations of polytopes. 



A diffe rent approach based on recursive linear algebra is provided in lBikker fc Uteshev 
(1999) :'or specific M. In Section 7, we will compare our results with those ob- 
tained in this article. 



The paper is organized as follows: some preliminary results are stated in Sec- 
tion 2. In Section 3, we recall th e definition and basic properties of multivariate 
subresultants, as introduced in Chardin (199^). We relate subresultants with 
our problem in Section 4, associating with any given set M a polynomial 
whose non vanishing is equivalent to the fact that M is a basis of A. In Sec- 
tion 5, we show that, for certain M's, this polynomial expression depends only 
on the coefficients of fi^, ■ ■ ■ , f n d n , and moreover, it can be decomposed into 
factors. Then, we give in Section 6 some rational expressions for generalized 
Vandermonde determinants. These results, along with those presented in Sec- 



tion 5, allow us a 



Bikker fc Uteshev 



j etter understanding of the recursive algorithm proposed in 
' (Il999h. Finally, w e concl ude by comparing our results with 



those obtained in 



Bik ker fc Uteshevl (|l999h in Section 7. 



2 Preliminary Results 



Let Re s A ^ (•) be the homogene o us resultan t opera tor, as defined in lMacaulav 
fll902h : Ivan der Waerdenl fll95Ct): ICox et all (|l998h . We recall the following 
well-known result (see ICox et al. . 1998L fora proof): 



Proposition 2.1 

ifRes du ... 4n (f ldl ,. 



The system (1) has a nontrivial solution in K™ if and only 

■ ■ , fnd n ) = 0. 



Remark 2.2 This proposition, together with our previous re marks about the 



quotie nt ring A, gives a proof for the Choice Conjecture stated in Wikker & Uteshev 



{ 199&) : The condition Res c i 1 ,...,d n (fid 1 , ■ ■ ■ , fnd n ) 7^ is necessary and sufficient 



for the existence of a set M of d monomials which is a basis of A (and hence, 
any polynomial can be reduced with respect to this set). Of course, the hard 
problem is to find such an M7 

Let K be a field, /i, . . . , f n G K[x\, . . . ,x n ] and 

M := {mi, . . . , m d } C K[x 1; . . . , x n ] 
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be a set of d monomials. Set p := d\ + ■ ■ ■ + d n — n, and 

5 := S(M) = max{deg(mj), i = 1, . . . , d}. 

Let xo be a new variable. For every polynomial p(xx, . . . , x n ) G K[xx, . . . ,x n ] 
we define 

0/ \ deg(p) /^-l \ 

p {x ,x 1 , ...,x n ):= x 6U >(— , . . . , — ), 

i.e. p° is the homogenization of p with a new variable xq, and for every t > 5, 
we set 

Mt := {mxl- deg{m \ m G M}. 

Let A be the quotient ring K[x , . . . , x n ]/(/{ ) , . . . , /°). It is a graded ring of 
the form A = ©^ Ai- 

Set -ff(d 1 ,...,d n )(T) for the coefficients of the power series 

£%^,)(r= (I-r)^ ■ (2) 

It turns out that i?^,. ..,<*„) is the Hilbert function of K[xo, xi, . . . ,x n ]/ J when 
J is an ideal generated by a regular sequence of n homogeneous polynomials 
of degrees cZi, . . . , d n , that is, H^ 1 ,...,d n )ij) * s ^e di mension as a K- ve c tor space 
of the piece of degree r in K[xo,xi, . . . ,x n ]/J; see Macaulav ( 1902h : Chardin 



Remark 2.3 From the right-hand side of Identity (2), it is easy to check that 

H(di,...,dn)(T) < d tf T < P, a7ld H (d u ...,d n )( T ) = d tf T > P- 

If ReSd 1) ... )( j ii (/id 1 , . . . , fndn) 7^ holds, Proposition 2.1 implies that the family 
of polynomials /°, . . . , /°, x has no common roots in projective space and 
so, Res dli ... jdni i(/ 1 °,...,/°,x ) ^ 0. But this implies that ff,...,f%,x is a 
regular sequence in K[xq, . . . , x n ] and, in particular, /°, . . . , /° is also a regular 
sequence in that ring. Therefore, dim At = H/ dl; _ >dn \(r). 

The next proposition shows a relationship between a monomial basis of the 
affine ring A and bases of certain graded parts of the ring A- This will allow 
us to state the condition for an arbitrary set M to be a basis of A. 

Proposition 2.4 If Resd lt ...,d n (fid l , ■ ■ ■ , fnd„) ^ 0, then the following condi- 
tions are equivalent: 

(1) M is a basis of A as a K-vector space. 

(2) There exists t > max{<5, p) such that M fo is a basis of A<yt as a K-vector 
space. 

(3) For every t > max{<5, p}, M t is a basis of Aot as a K-vector space. 
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Remark 2.5 We will see in Corollary 2.6 that a necessary condition for M 
to be a basis of A is that 5 > p. Therefore, in the statement of Proposition 2.4 
we can replace max{<5, p} with 5. 

Now we will prove Proposition 2.4. 

Proof. Recall that the assumption Res ( i 1 ,...,d„(/icii) ■ ■ ■ ■> fnd n ) 7^ implies that 
/° is a regular sequence in K[xq, . . . ,x n ]. 



:i) =► (3) 



Let t > max{<5, p} and consider a linear combination of vectors 



in M t which lies in the ideal (fi, ■ ■ ■ , f%) '■ 

d n 

£ A.m^ dCS(mi) = E ^(*o, • • • , (3) 
i=i j=i 

Setting io = 1 we get a linear combination of elements in M which lies in 
I. So, if M is linearly independent, we get that M t is linearly independent. 
As t > p and /° , . . . , /° is a regular sequence, the dimension of Aot is d and 
therefore, we conclude that M t is a basis of Aot- 



(3) 



Consider a linear combination of M as follows: 



d n 

E Km = E a i( X l> • • • > ^n)/j- 
i=l j=l 

Let to : = max{<5, p, deg(ajfj), j = 1, . . . ,n}. Homogenizing the linear combi- 
nation up to degree t , we have an equality like (3) with t instead of t. As 
M to is linearly independent, it turns out that \ = for % — 1, . . . , d. Then, M 
is a linearly independent set. Taking into account that dim(^4) = d it follows 
that it is a basis of A. 



(3) = 


=» (2) 




(2) = 


* (3) 



Obvious. 



Consider the following exact complex of vector spaces: 



ker <t> t - At A(m) - (K[x , • • • , x n ]/(x , /?, . . . , / n °)) m - 0, 

where t (m) = x .m. As Resi jdu .. ndn (x , /°, . . . , /°) 7^ 0, it turns out that 
(K[rro; • • • , ^nl/C^O) fi -i ■ ■ ■ ■> fn))t+i = if £ > p. In addition, for t > p, we have 
that dim(^4o t ) = dim(^4 (t +1 )). So, t is an isomorphism if t > max{p, 5}, 
and furthermore, (f> t (M. t ) = M t+1 . Then, M to is a basis of Aot for some t > 
max{5, p} if and only if M t is a basis of „4 0t for every t > max{<5, p}. □ 
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The following result, which follows immediately from the proof of Proposition 
2.4, gives us a lower bound of the maximal degree one may expect from a 
monomial basis of A. 

Corollary 2.6 If M is a basis of A, then 5(M) > p. 

Proof. Let t < p, and suppose that M is a basis of A with S = t. Proceeding 
as in the proof of (1) => (3) in Proposition 2.4, it follows that M 4 is linearly 
independent in Aot- But, from Remark 2.3, we have that dim(^4 t) < d if 
t < p, which is a contradiction. □ 



Example 2.7 Let fx, /2, fz be generic polynomials of degree two in K[x\, X2, Xs] 
In this case, d = 2.2.2 = 8. It is well-known that 

M := {1, x\, x 2 , x 3 , xix 2 , X1X3, x 2 x 3 , X1X2X3} 

is generically a basis of A (see for instance Macaulail 1 190&) ). Observe that 
S = 3 = p in this case. On the other hand, Corollary 2.6 implies that there 
are no eight monomials linearly independent in the set 

/1 222 i 

{i, Xi, X2, X3, x-y, x 2 , x 3 , X1X2, X1X3, X2X3}. 

This can be explained as follows: As f®, f®, f® is a regular sequence, they must 
be linearly independent. So, the dimension of the "K-vector space they generate 
is 3 and hence, the dimension of Am is 10 — 3 = 7. 



3 Subresultants by Means of Koszul Complexes 



In this section we recall the theory of multivariate subresu ltants for homoge - 
neous polynomials as formulated in Chardin (jl995h : see also lDemazur^l (|l984|) . 



First, we are going to introduce the crucial notion involved in the definition 
of subresultants. 



3. 1 The Determinant of an Exact Complex of Vector Spaces 



Let K be a field and let C be an exact complex of finitely generated A'-vector 
spaces Fi = K B \ with bases Bi, of the form 

C : - F n h F n _! d ^ ■ ■ ■ % F x % F -> 0. 

Then, there exists a decomposition of the K- vector spaces Fi which enables us 
to associate with the complex C an element A e K. This element A is called 
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the determinant of the complex (see iGel'fand et all Il994i Appendix A). I n 
order to obtain the decomposition, w e can proceed as in Demazurel ( 1984 ): 
Chardinl (|l99,^ : iGePfand et al.1 (|l994h : 



Ascending Decomposition 

• Set h := B and V 1 := K h . 

• Since d\ is onto, there exists a non-zero maximal minor of the matrix of d%. 
Choose such a non-zero minor, and set I[ for the subset of B\ corresponding 
to the elements indexing the columns of the chosen sub matrix and I 2 '■— 
B 1 -I[. Then, if V[ := K r i and V 2 := K h } we have F 1 = V 2 ® V{, and 
®i\v{ '■ y{ Vi is an isomorphism. 

• For i > 2, consider d* := 7Tj_i o d. t : F« — > Vi, where 7Tj_i is the projection 
from Fi-i to Vi. The map d* is onto, due to the exactness of C and the 
chosen decomposition of Then, we can choose a non-zero maximal 
minor of the matrix of d* and consider the subset I- of Bi indexing the 
columns of the chosen submatrix and U + i := Bi — l[. Setting V( := K 1 * 
and Vi + i := K Il+1 we obtain a decomposition Fj = V^+i © V- such that the 
restriction d*\y; : V( —> Vi is an isomorphism. 

• In the last step, we obtain a square matrix for <9*, due to the fact that 
E? =o dini(F i )=0. 

For every 1 < i < n, let <pi := <9*|v : > The determinant of the complex 
C (relative to the bases 5j) is defined to be 

n-l 

A := [J det(0 m ) ( - 1)l . 

i=0 

We remark that A is (up to a sign) independent of the choices made to perform 
the decomposition. 

A second procedure to obtain a decomposition of a complex which also enables 
us to compute its determinant, is the following: 

Descending Decomposition 

• Set I n := B n and V n := K In . 

• Since d n is into, there exists a non-zero maximal minor of the matrix of d n . 
Choose such a minor and define 7 n _i C -B n _i to be the subset of elements 
of B n _i indexing the rows not involved in this minor and I' n := B n _i — I n -i- 
Then we have a decomposition F n _i — V' n © V n _\, where V' n := K 1 ™ and 

• Note that, for i > 1, the previous construction for z — 1 implies that 
Im(<9 n _i + i) R V n -i = 0, and therefore Ker(<9„_i) fl V n -i = 0, that is, the 
restriction of <9 n _j to V n _i is into. Then we can iterate the process and 
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choose a maximal non-zero minor of the matrix of <9„ 



and define 



-i | V n -i > 

V n _i to be the subset of B n _i_ x indexing the rows of the chosen subma- 
trix and I n -i-i to be its complement in B n _i_\. We obtain a decomposition 



-i 



v„ 



-1: 



where V' 



K 



r 



and V„ 



-i 



K 1 



In the last step a square matrix is obtained, due to the exactness of the 
complex. 



As b efore, for every 1 < i < n, we define 6j :— dl\v t ■ Vi — > V(. It turns out 
that ( Gel'fand et al. . 1994 : Chardin . 1995| ) the determinant of C relative to 
the bases Bi can also be computed as 



n-l 



A := [] det( 



i=0 



3.2 Subresultants 



Multivariate subresultants are defined as determinants of generically exact 
Koszul complexes. Let s < n + 1 and let P±, . . . , P s be generic homogeneous 
polynomials in n + 1 variables x , . . . , x n of respective degrees di, . . . , d s : 

Pii^Oi • • • i • ^ ] , i 1, . . . , s, 

\a\=di 

where the Q ja 's are new variables. 

In this case, K is the field of fractions of A := Z [cj )Q ,, \a\ = di, i = 1, . . . , s]. 
Set R := A[xq, X\, . . . , x n ]. 

Let Tl t be the set of all monomials of degree t in the variables xo, . . . ,x n , 
and let S be a family of Hd ll ... 1 d s (t) monomials in 97lj. With this data we can 
construct a complex C = which is obtained by modifying the degree t part 
of the Koszul complex associated with Pi, . . . , P s as follows: 

-> (A s R s ) t ^ (A^R^t V • • • ^ (A 1 R s ) t A(Wlt \S}^0 
equipped with the bases B k := Ui<H<...<i ft < s Ujf« 6 Mi t _ d . _..._«,. X a e h A - ■ ■ Ae ik . 



If this complex is generically exact (i.e. C®K is exact as a complex of i^-vector 
spaces), then the subresultant of S with respect to the polynomials P\,...,P S , 
which will be denoted with A l s , is defined to be the determinant of C <8> K 
with respect to the monomial bases; otherwise we se t := 0. As we have 
#i(Cf) = for i > (|.IouanoloiJ . Il98ci IChardinl . Il99fijl . it turns out that At is 



a polynomial in the coefficients of the Pj's which satisfies the following property 
((Chardinl . 19951 Theorem 2): Let k be any field, and Pi G k[x , . . • , x n ]di, i — 
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l,...,s. Then 



J t + k{S) = k[x , . . .,x n ] t , 



where J t is the degree t part of the ideal generated by the Pj's. 



4 Monomial Bases and Subresultants 



In this section, we will relate our problem with multivariate subresultants. 

We set s — n, and let Pi, . . . , P n be the homogeneous polynomials ft, ■ ■ ■ , ft 
defined above. The following may be regarded as the main result of this section. 

Theorem 4.1 Let M C K[x±, . . . ,x n ] be a set of d monomials, and set t : = 
8(M). Let A^ t fre £/ie subresultant ofM t with respect to ft, . . . , ft. Then, M 
is a basis of A if and only if 



Proof. If M is a basis of A, the family fi, . . . , f n has all its zeros in K , and 
therefore, Resd 1 ,... t d n (fid 1 , ■ ■ ■ , fnd n ) ^ 0. In addition, from Corollary 2.6 and 
Proposition 2.4 it follows that M t is a basis of Aot, which implies that A^ t ^ 0. 

In order to prove the converse, we can apply Proposition 2.4, as ReSd lj ...,d„(/idi, • • • , fnd„) 7^ 
0. The condition A^ t ^ implies that M t is a basis of Am and then, we con- 
clude that M is a basis of A. □ 



Example 4.2 For i — 1,2, 3, let fi := J2\ a \<2 °i,aX a be generic polynomials of 
degree two in K.[xi,X2,xs], and let M be as in example 2.7. The subresultant 
Aj^ can be computed as the product of the determinants of the following two 
matrices: 



PM,d!,...,dn '■— Res dl 



,...,d„ \Jldi j 




(4) 



\ 



c l,2,0,0 c l,0,2,0 Cl, 0,0,2 



C2,2,0,0 c 2,0,2,0 c 2,0,0,2 



y c 3,2,0,0 c 3,0,2,0 c 3,0,0,2 J 
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and 



' ci, 2 ,o,o £1,1,1,0 01,1,0,1 ci, ,o,2 ci, ,i,i^ 

c l,0,2,0 Ci, 2,0,0 Ci, 0,1,1 Ci,o,0,2 Ci, 1,1,0 

Ci,o,0,2 Ci,2,0,0 c l,0,2,0 c l, 1,0,1 C 1,0,1,1 

c 2,2,0,0 C 2> 1,1,0 c 2, 1,0,1 C2,0,0,2 C2,0,l,l 

c 2,0,2,0 C2,2,0,0 C2,0,l,l C2,0,0,2 c 2, 1,1,0 

C2,0,0,2 C2, 2,0,0 c 2,0,2,0 c 2, 1,0,1 c 2,0,l,l 

C3,2,0,0 C3, 1,1,0 C3,i,o,l C3,o,0,2 C3,o,l,l 

C3,o,2,0 C3,2,0,0 C3,o,l,l C3,o,0,2 c 3, 1,1,0 

C3,o,0,2 C3,2,0,0 C3,o,2,0 c 3, 1,0,1 c 3,0,l,l 



For a proof of this fact, see Theorem 5.2 below. 



5 Factorization of Subresultants 



For several sets M, the polynomial Pm,^,...^ denned in (4) depends only on 
the coefficients of f-\ ^ f„.d and f actorizes as a product of more than two 



me coemcienis oi / w, \„a anu l aciorizes as a prouuci oi more man i\ 

terms. For instance, iMacaulav (1902) showed that one can decide whether 

M° := {xf . . . < at < d, - 1} (5) 

is a basis of A by applying l inear algebra on t h e coe fficients of the highest 

terms o f f^ f„ (see al so Bikker fc Uteshev . 1999f ). The same has been 

done bv lBikker fc Uteshevl (|l999h with 



{x^x% 2 , 0<ai<d 1 ,0<a 2 <di + d 2 - 2a x - 2}, 



(6) 



and with 



{xf x% 2 x%\ 0<ax<d u 0<a 2 < min (d u d 2 , 2(d x - a x ) - 1) , 

< a 3 < dx + d 2 + d 3 - 2(a a + a 2 + 1)}, 

for n = 2 and n = 3 respectively. This is not always the CclSC, clS the following; 
cautionary example shows. 



Example 5.1 Consider n = 3. Set di 
E| a |<2 Ci,a x a for i = 1,2, 3. Take 



do 



2 and write fi 



{xl, Xi,X 2 , X 3 , XiX 2 , XiX 3 , X 2 X 3 , XiX 2 X 3 }. 
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Then, A^ 3 is the determinant of the following matrix: 



( ci,o,o,o 

Ci,o,2,0 

ci, 0,0,2 

c l,2,0,0 Cl, 1,0,0 

CI, 0,2,0 Ci, 0,1,0 

Cl, 0,0,2 Cl, 0,0,1 

Cl, 1,1,0 Cl,2,0,0 

Cl, 1,0,1 Cl,2,0,0 

Ci, 0,2,0 Cl, 1,1,0 

Cl,o,0,2 Cl, 1,0,1 

Cl,o,0,2 Cl, 0,1,1 

\ Cl, 0,1,1 Cl, 0,2,0 



C2, 0,0,0 

C2, 0,2,0 

C2,0,0,2 

C2,2,0,0 C2, 1,0,0 

C2, 0,2,0 C2, 0,1,0 

C2, 0,0,2 C2, 0,0,1 

C2, 1,1,0 C2,2,0,0 

c 2, 1,0,1 C2,2,0,0 

C2, 0,2,0 c 2, 1,1,0 

c 2,o,0,2 C2, 1,0,1 

C2,0,0,2 c 2, 0,1,1 

C2, 0,1,1 C2, 0,2,0 



C3,0,0,0 \ 

c 3 , 0,2,0 

C3,o,0,2 

c 3,2,0,0 c 3, 1,0,0 

C3, 0,2,0 C3, 0,1,0 

c 3,0,0,2 C3, 0,0,1 

03,1,1,0 C3,2,0,0 

c 3, 1,0,1 C3,2,0,0 

C3, 0,2,0 c 3, 1,1,0 

C 3 , ,0,2 C3, 1,0,1 

C3,o,o,2 c 3, o,l,l 

C3, 0,1,1 C3, 0,2,0 / 



With the aid of Maple we have computed this determinant, which is an irre- 
ducible polynomial depending on all the variables c i>a . 



Set 

°° y\ n (I — T d i) 

4)Wr = (i_ r)B • (7) 

It turns out that hd lt ...,d n is the Hilbert function of the ideal generated by 
a regular sequence of n homogeneous polynomials in n variables of degrees 
d±, . . . , d n respectively. 

The following is the main result of this section: 

Theorem 5.2 Let i"M,di,...,<2 n be the polynomial defined in (4)- Then, if PM,di,...,d„ 
is not identically zero, the following conditions are equivalent: 

• PM,d u ...,d n depends only on the coefficients of f ldl , . . . , f ndn . 

• For every t = 0, 1, . . . , p, the cardinality o/MflK[xi, . . . , x n ] t equals h(di,...,d n )(t)- 

If any of the above conditions hold, we have the following factorization: 

p 

^M s = II ^MnK[xi,..,i„] t ) (8) 
t=min{di} 

where D l s denotes the subresultant in n variables of S with respect to /i^ , . . . , f n d n - 

Proof. If PM,di,...,d n depends only on the coefficients of f\dn ■ ■ ■ > fnd n , w e can 
set to zero all the coefficients of f±, . . . , f n not appearing in these leading forms 
and work with this family of homogeneous polynomials instead of fi, . . . , f n . 
As i-M,di,...,(i n is not identically zero, we have that Aj^ is not identically zero 
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either and this implies that M is a basis of the homogeneous quotient ring 
K[xi ,...,x n ]/ {fi dl , • • • , fndn ) • As tlie family f ldl , . . . , f ndn is a regular sequence 
in K[xi, . . . , x n ], it turns out that # (M D K[xi, . . . , x n ] t ) = h^ dl ^{t) for any 
t = 0, . . . , p, and we are done. 

In order to prove the other implication, we will work with generic homogeneous 
polynomials. For each i = 1, . . . ,n and a G NJ with \a\ < di, introduce a 
variable Ci )Cl . Set 

fi(?Cli ■ ■ ■ i -^n) ■ ^ ] Cj,a j i 1, . . . , 71. (9) 

\a\<di 

We shall work in the field IK := Q(cj jCe ). In this situat i on we have that 
Res ( i 1 ,...,d n (/idi, • • • , fndn) ( see f° r inst ance ICox et ajj and, due 



tx 1 ,...,L* n vj_nA i ; 7 j / / - \ fcMMf mUmmamif >t ■/ / 7 

to the universal property of subresultants (|Chardinl . Il995l ). if PM,d 1 ,...,d n 7^ 



for a given family of polynomials in any field, then it will not be zero for the 
generic family (9). 

As before, set ff for the homogenization of the polynomial f] in K.[xq, . . . , x n ]. 
Consider the following K-linear map: 



(10) 



(P1,...,P«) »XUPifi> 

where S p := K[xq, Xi, . . . , x n ] p , and for each i = 1, . . . , n, 

n 

Sp-di '■= ( x o° ■ ■ 'C> H a i = P ~ <^> a i <di,.. • < di-i). 

3=0 

Let M be the matrix obtained from the matrix of <ft p in the monomial bases by 
deleting the columns 1 indexed by the points in M and let M' be the matrix 
obtained in the same way but using the set 

S := {xq° . . . i"", \a\ = p, oti < di, i = 1, . . . ,n} (11) 



inste ad of M. It is well-known that det(M') ^ (|Macaulavl . Il902t IChardinl . 
199^ . 



As the subresultant of S with respect to /°, . . . , /° is the determinant of Cf , 
it turns out that det(M') may be regarded as a non-zero maximal minor in 
the last morphism of the complex whose determinant is A p s . 

Starting with this maximal minor and using the ascending decomposition of 
the Koszul complex, it turns out that there exists an element £ G IK, which is 

As in iMacaulavl {[902), the rows of M are indexed by the monomial basis of the 



i 

domain. 
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actually a polynomial in the Cj jQ ,, such that det(M') = £ A p s . As det(M') ^ 0, 
then £ ^ 0. 

This £ is a product of complementary minors in Cf . Starting now with these 
minors from the left and applying t he descending d ecomposition of the Koszul 
complex, one can see that, as in IChardinl (|l99,^ . det(M) = £ A^, as the 
complex whose determinant is A^ is the same as the one whose determinant 
is Ag except in the last map. 



Set M(£) := M fl K[xi, . . . , x n ] t , t = 0, 1, . . . , p, and suppo se w.l.o.g. t hat d ] < 
di, i = 2, . . . , n. As #M(t) = h du ...,d n {t) , proceeding as in iMacaulavl (|l902h . it 
follows that -ordering appropriately its rows and columns- the matrix M has 
the following block structure: 



( M p * * * \ 

M p _i * * 

"•• * 

... M dl j 



where M t is the square matrix obtained by deleting the columns indexed by 
the monomials in M(i) in the matrix of the K-linear map: 



L . Cl* m . . . m Cn* 



(Pl,---,Pn) 



Sj=l Pi fidi 



Here 5 t * := K[xi, . . . , x n ] t , and for each % = 1, . . . , n, 



Sl*_ di := (i" 1 ...x°^,^a k = t-di, ati < di, . . . , Oi_i < di_i). 
fc=i 



Then, we have that det(M) = n^Ld, det(M t ), which shows that det(M) de- 
pends only on the coefficients of fi di ,i = l,...,n. Furthermore, det(M t ) = 
^t^MnKbj i„] t for t = 0, . . . , p, and the extraneous factor £ has also a block 
structure compa t ible with the on e given in (12), that is, £ = Y[ p t=dl £t', see 
Macaulav ( 19021 ): Chardin (1994a). This completes the proof of the theorem. 



□ 



Corollary 5.3 If Pm,di,...,d„ is not identically zero and depends only on the 
coefficients of f ldl , . . . , f ndn , then S(M) = p. 
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6 Simple Roots and Generalized Vandermonde Determinants 



In this section, we will study a result by Macaulav (1902) concerning the struc 



ture of a generalized Vandermonde determinant associated with the monomial 
set M° and, with the aid of subresultants, we will extend it to arbitrary sets 
of monomials with cardinality d. This will make apparent the relationship 
between the non-vanishing of the generalized Vandermonde determinant asso- 
ciated with a set of monomials M and the fact that M is a basis of the quotient 
algebra A in the case of a polynomial system with simple roots. 

We will work in the generic field IK = Q(cj a ), and with the family (9). Let 
V(fi, ■ ■ - ,f n ) = {£i, • • • , £d} C K™, and set M° = {mi, . . . , m d } (recall that 
M° was defined in (5)). Let M be the dx d matrix whose rows (resp. columns) 
are indexed by the elements of V(/i, • • • , f n ) (resp. M°), such that the element 
indexed by rrij) is the evaluation of rrij at that is, M := ( m j(Ci))i<i j< n - 



In (iMacaulavl . ITiol Section 10), it is proven that 



det(Mo) 2 = cj- -—a, (13) 

i ^^(d 1 ,...,d n ){Jld 1 , • • • , Jnd n ) 

where J := Ilf=i J{£i) (here J := det (dfi/dXj) 1Ki . <n is the Jacobian of the 
sequence /i, . . . , f n ), and c 6 Q is a numerical constant depending only on n 
and the degrees d±, . . . , d n . 

The constant c in (13) has an explicit expression in terms of dx, . . . , d n : 
Lemma 6.1 

where 

E n (d\, . . . , d n ) :— d\. . . dj-i — - — -dj+x . . . d n . 

Proof. First, observe that a system fi,...,f n having the property that = 
x d C for % = 1, . . . ,n, verifies Res( dli ... )d „)(/i dl , . . . , f ndn ) = 1 and (A^o) 2 = 1, as 
both polynomials depend only on the coefficients of fi^ , . . . , f n d n (see Theorem 
5.2 above). Therefore, the numerical factor c can be obtained from identity 
(13) by specializing the coefficients of in such a way that = xf\ i = 
1 . . . , n. If this is the case, we get 

c = det(M ° )2 . (14) 
The theorem will be proved by induction on n. 



14 



First, we fix some notation. We denote by c n (di, . . . , d n ) the numerical factor 
associated with n and degrees d\, . . . , d n . If fi, ■ ■ ■ , f n is a system of polyno- 
mials in n variables of degrees d±, . . . , d n , we denote by -M n (/i, • • • , fn) the 
matrix M associated with the system /i, . . . , /„ and the set M°, and we set 

J-„(/i,...,/ n ):=nf =1 Jte)- 

For n — 1, set d\ — d for a positive integer and let /i := xf — 1. We have 
that V(/i) = {£1, . . . , ^} is the set of dth roots of unity. The matrix M is 
the Vandermonde matrix associated with the roots of fi and so, det(M ) 2 = 
disc(/i) = (-l) d - 1+£ ^d d . In addition, J = (-l) d - 1 d d . Then we conclude 
from identity (14) that 

Cl (d) = (-1) ^ . 

Assume now that the formula holds for systems of n polynomials in n variables 
and consider n + 1 polynomials in n + 1 variables. 

• For degrees d±, . . . , d n , 1: Set := xf* — 1 for i = 1, . . . , n, and f n+ i := x n+ i. 
We have 

V{h, . . . , / n+ i) = {(771, ■ ■ ■ , Vn, 0) : rj? = 1, 1 < % < n}, 
and so, it is straightforward to check that 



AW/l, •••>/«, /n+l) = M»K - 1, 1), 
Jn+l{fl, ■ ■ ■ , fn, /n+l) = Jni^x ~ 1, • • • , ^ ~ 1)- 

Identity (14) implies 

L-n+l (di, . . . ,d n , 1) = c n (di, . . . ,<2„), 
and the formula holds. 

• For degrees di, . . . , d n , d n+ \ + 1: Set fi := xf* — 1 for 1 < i < n, and 
fn+i ■= - *n+i. Then, \/(A, . . . , f n+1 ) = V 1 U V 2 , wherej^ = V{x d ' - 

1, . . . , x dn - 1) x {0} and \/ 2 = "l/jxf 1 - 1, . . . , x dn - 1) x {77 e K : r^ 1 = 1}. 
Arranging the monomials in M° so that those which do not depend on the 
variable x n+ \ come first and the roots of the system so that those in V± come 
first, it follows that M. n +i(fi, ■ ■ ■ , fn+i) has the following block structure: 

M n {xt-l,...,xt-l) ^ 

M' n+1 {xt - 1, . • • , xt - 1, 4+Y ~ 1) , 

where M' n+1 (x dl —l, . . . , x dn — 1, x^ 1 — 1) is a matrix differing from M n +i (x dl — 
1, . . . , x dn — 1, Xn+i — 1) only in a factor by a d„+ith root of unity in each row. 
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Moreover, each root of unity appears in exactly d\ . . . d n rows. Taking into 
account that the product of all the d n+ ith roots of unity equals (— l) dn+1_1 , it 

follows that ^det A4 n+ i(/i, . . . , / n +i)) equals the product 

(det M n (x? - 1, . . . ,xt - l)) 2 (detM n+1 (xt - 1, . . . ,4" - 1,4+Y " I))'- 

On the other hand, the Jacobian of the polynomial system /i, . . . , f n , f n+ i 
is J = d^f 1 ' 1 . . . rf n x^ n_1 ((rf n+1 + l)x d r ^ — 1) and then, for every £ G V±, 
J(0 = (-l)J(rzf -1, . . . ,xt~l)(0 and, for every £ G V 2 , J(£) = £ n+1 J(^- 
1, . . . , a^+i 1 — 1)(£). Then, it follows easily that 

1] J(0 = {-l) dl - dn Jn{xt - 1, • • • , Xt ~ 1), 

n j(o = (-i)' 1 -^^ 1 -^^!^ 1 - 1, ... ,xt - - 1) 

and so, J n+ i(/i, . . . , / n+ i) equals 

f 1 Nrfl-.-dridn+l /T ( di _ 1 fi( n 1 N (T / <fl _ 1 dn _ 1 ™ rf n + l _ 1 \ 

^ *-) Un\X\ L,...,X n L)On+l\^\ L i---i x n L i x n+1 L >- 

From the expressions for Ai n +i and J n +i, we deduce: 

c n+1 (d!, . . . , d n , d n +i + 1) = (-l) dl - dnd " +1 c n (d u . . . , d n )c n+1 (d!, . . . , d n , d n+1 ). 

Thus, the inductive assumption implies that c n+ i(<ii, . . . , d n , d n+1 + 1) = ±1. 
More precisely, the exponent E n+1 (di, . . . , d n , d n+ i + 1) giving the sign equals 

d\ . . . d n d n+ \ + E n (di, . . . , d n ) + E n+ i(d\, . . . , d n , d n+ i) = 
— j j gi . . . Oj_i ctj+i . . . a n a n+ i. 

3=1 1 

□ 

Let M be any set of monomials of cardinality d, and let M :— M(M) be the 
matrix defined as Mo but with the columns indexed by the elements of M. 
The main result of this section is an expression similar to (13) for M: 

Theorem 6.2 

det(M(M)) 2 = ±J- 



ReS(d 1) ... )dn )(/id 1 , . . . , f ndn ) 



25-p+l ' 



The following result will be needed in the proof of Theorem 6.2. 
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Lemma 6.3 For any t > 5 — 8(M), 

^Mt = ^M s R- eS (rfi,...,dn)(/ldl) • • • > fnd n Y & - 

Proof. It is enough to prove the result for t = 5 + 1 and 5 > p (otherwise, 
both subresultants are identically zero and the claim holds). 

Consider the morphisms for computing A^ g and as in (10): 

i I (15) 

1 n ^ S+1 

Ss+l-di © " " - © S&+l-d n ~ > Ss+i, 

where the vertical maps are multiplication by Xq. It is straightforward to check 
that the diagram (15) commutes. For i — 5, 5 + 1, let M % be the matrix of 
0* where we have deleted the columns indexed by those m e Mj. If we order 
the rows and columns of M s+1 in such a way that the monomials having 
degree zero in xq come first, it is easy to see that this matrix has the following 
structure: 

f M s + X * 



M 5 

where Ms+i has been defined in the proof of Theorem 5.2. 



V 



As 6 + 1 > p, there exists a polynomial E^ 6 Q[ci,«] such that det(M,5 + i) 
Res(d l ,...,d Tl )(/irf l > • • • > fnd„)£i (|Macaulav . 19021 ) . Besides, there are also elements 



£ 2 and £ such that det(M 5 ) = A s Mg £ 2 and det(M m ) = Ag^f. As in the 
proof of Theorem 5.2, we use the block structure of the extraneous factor £ 
( Macaulavl . Iliol IChardinl . Il994ah . and it turns out that £ = £\£ 2 . □ 



Proof of Theorem 6.2. Let 5 = 5(M). If Aj^ = 0, it follows that the same 
holds for det(M(M)). 

If this is not the case, consider the following complex of K-vector spaces: 

- Sl dl © • • • © S%_ dn ^S s ^K d ^0 } (16) 
where S$ '■= K[x ]s and, as before, 

s s-di '■= ( x o° E"=o«i = S-di, ai < di, . . . , a t _i < 

(f>(pi,...,Pn) ■= Ei=iPifi, 

^(p(x)) :=( P (i,ei),...,p(i,ed)). 



17 



It is easy to see that the complex (16) is exact. If M' is another set of d elements 
such that 5(M') < 5(M) and det(M(M')) ^ 0, we denote with D(M' S ) (resp. 
D(Ms)) the determinant of the matrix of in the monomial bases where we 
have deleted the columns indexed by those monomials lying in M' 5 (resp. M5). 
Then, considering the determinant of the complex (16), we have the following: 

D(Ms) , D(M' S ) 



det(M(M)) det(M(M'))' 
As in the proof of Theorem 5.2, it turns out that D(M' S ) = 8 A^, and D(M S ) 

8 

£ , with the same extraneous factor E. Therefore 



det(M(M)) det(M(M'))' 
Taking as M' the set M°, it follows that 

AjL \ 2 / A^o \ / A^oRes( dl r .. )(in ) (/idx, .,/nd„ 



2 



l v det(M(M)) J ~~~ I det(Mo) J = ^ det(M ) 
where the last equality holds for Lemma 6.3. 

Now, the claim is an immediate consequence of identity (13) and Lemma 6.1. 
□ 



7 An Overview of the Bezout Construction of the Resultant 



In thi s section we will compare several results obtained bv lBikker fc Uteshev 
(1999) with ours. This will allow us to clarify the Bezout construction of the 
resultant. 



In ( Bikker fc Uteshev . 19991 Section 4), the matrix Mq defined at the be- 



ginning of Section 6 is introd uced (it is denote d as V) and the structure of 
det(M ) is studied. Following iMacaulavl (|l902h . it is stated that 



det(Mo) 2 = TJ, 



where J is as defined in Section 6 of this paper. Furthermore, it is claimed 
that T is a rational function in the coefficients of the leading forms of the 
polynomials fx, . . . , f n whose numerator is a product of p polynomials in these 
coefficients. 



18 



In our notation, identity (13) and Lemma 6.1 imply that 



T = ± ( A M°) 2 

Res( dlr .. )dn )(/ Wl , . . . , fnd n ) p+1 



Moreover, the fact stated in lBikker fc Uteshevl (|1999f ) about the factorization 



of t he numerator of T is Theorem 5.2 of the present paper applied to M° (see 
also Macaulav . 19021 Section 10). Finally, let us observe that the irreducible 



factors of the numerator and the denominator of T and of the polynomial 
-fM°,di,...,(i„ defined in Theorem 4.1 are the same and, therefore, due to our 
main result we have that T ^ if and only if M° is a basis of A. 



Also, the structure of det(M(M 1 )) 2 is studied in (|Bikker fc Uteshevl . Il999l 



Theorem 5.1) in the bivariate cas e (see the definition of M 1 in (6)). We point 
out a mistake in formula (5.30) o f Bikkcr fc Uteshevl (1999). which is incorrect 



if the degrees of the input polynomials are different. This follows straightfor- 
wardly due to the fact that det(M(M 1 )) 2 has degree zero in the coefficients 
of fi, . . . , /„, and if n — 2, then J has degree 2d\d 2 in these coefficients and 
the fcth classical subresultant has degree d\ + d 2 — 2k, k = 1, . . . , min(<i 1 , d 2 ). 
If di < d 2 , it turns out that the kth classical subresultant is the m ultivariate 
subre sultant of M^_ fe+1 with respect to /i^, f2d 2 if 1 < k < d\ — 1 (jChardinl . 
Il995f ). It remains to compute the multivariate subresultant of ~M] for those 



degrees t such that d\ < t < d 2 . This is easily seen to be equal to c^^^. 
Hence, we have the following 

Proposition 7.1 



T = c 



(1? 1? \2 (da-diXda-di+l) 
I'M • • • Kdi-lJ c l,(di,0) 



Res( rfli rf 2 )(/i (il , f2d 2 ) P+1 

where TZi is the classical i- subresultant and c is the constant of Lemma 6.1. 

Concerning the reducibility problem (that is, given a family of polynomials 
/i, . . . , f n with respective degrees d±, . . . ,d n and a set of monomials M with 
cardinality d = d\. . .d n , decide whether every polynomial is a linear com- 
bination of M wh e n red uced modulo the ideal (fi, . . . , /„)), in Section 5 of 
Bikk er fc Uteshev ( 1999h . a reduction algorithm with respect to M° and M 1 is 



presented by solving a succession of linear systems whose coefficients depend 
rationally on the leading forms of the input polynomials. One can easily check 
that the matrices of these linear systems ca n be regarded as subresultant ma- 
trices. Indeed, in ( Bikker fc Uteshev . 19991 Theorem 5.1), reduction modulo 



I 1 is completely characterized in terms of the classical subresultants if n = 2. 



In fjBikker fc Uteshevl . I"l999. Theorem 5.2) it is claimed that, for three polyno- 



mials of equal degree d, it is sufficient for reducibility that 2d — l determinants 
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are non-zero. However, as a result of Theorem 5.2, we get that 2d — 2 condi- 



tions s uffice. This can be verified following the approach bv lBikker fc Uteshev 



(1999) m detail: it turns out that the linear systems they consider have de- 



terminants which are rational functions involving subresultants, and that the 
condition arising in the l ast system in their algorithm is redundant. Also, in 
f)Bikker fc Uteshevl . Il999l Theorem 5.3) it is shown that the first d conditions 



of the 2d — 1 needed in their reduction algorithm can be rewritten in terms of 
the nested minors of the Macaulay matrix of the initial forms of the polyno- 
mials. This follows straightforwardly in our framework, due to the structure 
of the Macaulay matrix given in (12) and the fact that, fo r d < t < 2d — 1 , 
det(Mf) = -DMnKfxi x i , i.e. there are no extraneous factors ( Macaulav . 1902). 



Similar remarks can be made about the general approach they present in 
( Bikker fc Uteshevl . Il999l Section 5.3.). 



Final ly, we will answer negatively the Rank Conjecture posted in (|Bikker fc Uteshev 



1999, Section 4). Let ft, ■ ■ ■ , f n De polynomials such that M° is a basis of A. 



Let g G K[xi, . . . ,x n ], and let us denote with B the matrix of the following 
linear map in the basis M°: 

(17) 

p{x) t— > <p(x) g{x). 



It is a well-known fact (see ICox et all 119981 : iBikker fc Uteshevl . |l999) that if 



V(g) fl V(/i, . . . , f n ) =0, then the determinant of B equals the dense resul- 
tant of the family f x , g up to a constant. Suppose now that V(g) fl 
V(fi, . . . , f n ) = {pi, . . . ,p s }, and for each i — 1, . . . , s, we denote with U the 
minimum between the multiplicity of Pi as a zero of V(f\, . . . , f n ) and the 
multiplicity of Pi as a zero of g. The Rank Conjecture asserts that the rank of 
B should be equal to d — X^ =1 k. 

This conjecture is not true in general. For instance, we can take fi, ■ ■ ■ , f n 
homogeneous polynomials of respective degrees d%, . . . , d n such that the spe- 
cialization of -PM°,di,...,d„ i n the coefficients of this family is not identically zero. 
This implies that the only zero of the affine variety V(/i, . . . , f n ) is the zero 
vector with multiplicity d. Moreover, M° is a basis of A, which is a graded 
ring of finite dimension with At = for t > p. Let g be any homogeneous 
polynomial of degree d. According to the Rank Conjecture, the kernel of B 
should have dimension equal to min{d,<i}, which is true if d = or d > d, 
but not in general. A straightforward computation shows that At C ker(£>) if 
t > p — d, so 

dim(ker(£))> £ h { , h „.,(./). 

j=p-d+l 

and this number may be greater than d. For instance, if d = 2, di > 3, we 
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have that 

h( dl ,...,d n )(p ~ 1) + h (du ... 4n) (p) =n + l, 
which is greater than 2 unless n — 1. 
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